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A FULLY-DISCRETE SEMI-LAGRANGIAN SCHEME FOR A
FIRST ORDER MEAN FIELD GAME PROBLEM

E. CARLINI * AND F. J. SILVA f

Abstract. In this work we propose a fully-discrete Semi-Lagrangian scheme for a first order
mean field game system. We prove that the resulting discretization admits at least one solution
and, in the scalar case, we prove a convergence result for the scheme. Numerical simulations and
examples are also discussed.

Key words. Mean field games, First order system, Semi-Lagrangian schemes, Numerical
methods.
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1. Introduction. Initiated by the seminal work of Aumann [7], models to
study equilibria in games with a large number of players have become a important
research line in the fields of Economics and Applied Mathematics. In this direction,
Mean Field Games (MFG) models were recently introduced by J-M. Lasry and P.-L.
Lions in [20, 21, 22] in the form of a new system of Partial Differential Equations
(PDEs). Under some assumptions, the solution of this system captures the main
properties of Nash equilibria for differential games with a very large number of
identical “small” players. For a survey of MFG theory and its applications, we
refer the reader to [12, 18] and the lectures of P-L. Lions at the Colleége de France
[24]. The evolutive PDE system introduced in [21], with variables (v, m), is of the
form:

—dw(x,t) — o?Av(x,t) + H(x, Dv(z,t)) = F(x,m(t)), in R* x (0,T),
ovm(z,t) — o> Am(z,t) — div (9, H (z, Dv(z,t))m(z,t)) =0, inR?x (0,7),

v(z,T) = G(z,m(T)) forz € R? | m(0) =mg € P,

(1.1)
where o € R, P; denotes the space of probability measures on R? and F : R xP; —
R, G: R4 xP; — R and H : R x R* — R are given functions. The Hamiltonian
H is supposed to be convex with respect to the second variable p. An important
feature of the above system is its forward-backward structure: We have a backward
Hamilton-Jacobi-Bellman (HJB) equation, i.e. with a terminal condition, coupled
with a forward Fokker-Planck equation with initial datum my.

Under rather general assumptions, it can be proved that if o # 0 then (1.1)
admits regular solutions (see [22, Theorem 2.6]). Based on this fact, finite differences
schemes have been thoroughly analyzed in the papers [4, 1, 2]. When H(x,p) is
quadratic with respect to p, specific methods have been proposed in [17, 19].

In this work, we are interested in the numerical analysis of the first order case
(0 = 0) with quadratic Hamiltonian H(z,p) = 3|p|?>. In this case, system (1.1)
takes the form

—Ow(x,t) + %|Dv(ac,1§)|2
om(z,t) — div(Dv(z, t)m(z,t))

F(z,m(t)), inR%x (0,7),

0, inR%x(0,7), (1.2)
v(x,T) = G(z,m(T)) forz € R* | m(0)=mpo € Pi.

The second equation (i.e. the Fokker-Planck equation with ¢ = 0) is called the
continuity equation and describes the transport of the initial measure mg by the
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flow induced by —Dw(-,-). When F and G are non-local and regularizing operators
(see [22]), the existence of a solution (v, m) of (1.2) can be proved by a fixed point
argument (see [12, 24]). However, the numerical approximation of (v,m) is very
challenging since, besides the forward-backward structure of (1.2), we can expect
only Lipchitz regularity for v and L regularity for m (see e.g. [12]).

Although several numerical methods have been analyzed for each one of the
equations in (1.2) (see e.g. the monographs [15, 29, 25] and the references therein
for the HJB equation and [26, 30] for the continuity equation), when the coupling
between both equations is present, the authors are aware only of references [16],
for the scalar case d = 1, and [3], for the multidimensional case. However, in
both references the structure of the system is forward-forward, i.e. both equations
have initial conditions. This fact changes completely the theoretical and numerical
analysis of the problem. As a matter of fact, for example in [3], the key property
for convergence result of the proposed numerical scheme is a one side Lipschitz
condition for Dv(-,-) of the form:

3C > 0 such that Vt € [0,T], (Dv(z,t) — Dv(y,t),x —y) > —Clz —y[*. (1.3)

By the results in [27], condition (1.3) assures the stability of the so-called Fillipov
characteristics and of the associated measure solutions of the continuity equation,
which are the key to obtain their convergence result. Unfortunately, in our case
(1.3) corresponds to the semiconvexity of v, which does not holds for an arbitrary
time horizon T (see [11]).

Our line of research follows the ideas in [10], where a semi-discrete in time Semi-
Lagrangian scheme is proposed to approximate (1.2) and a convergence result is
obtained. However, since the space variable is not discretized, the resulting scheme
cannot be simulated. In this paper we propose a fully-discrete Semi-Lagrangian
scheme for (1.2) and we study its main properties. We prove that the fully-discrete
problem admits at least one solution and, for the case d = 1, we are able to prove
the convergence of the scheme to a solution (v, m) of (1.2), when the discretization
parameters tend to zero in a suitable manner. The key point of the proof is a weak
semiconvavity property for the discretized solutions. Let us point out that our
approximation scheme is presented in a general dimension d and several properties
are proved in this generality. However, since in general (1.3) does not hold, uniform
estimates in the L> norm for the solutions of the scheme seems to be unavoidable
in order to prove the convergence (see [12] for similar arguments regarding the
vanishing viscosity approximation of (1.2)). Since we are able to prove these bounds
only for d = 1, our convergence result for the fully-discrete scheme is valid only in
this case.

The paper is organized as follows: In Section 2 we state our main assumptions,
we collect some useful properties about semiconcave functions and we recall the
main existence and uniqueness results for (1.2). In Section 3 we revisit the semi-
discrete in time approximation of [10] and we improve some results, for example
we prove uniform L bounds for the solutions of the semi-discrete scheme, which
improves slightly the convergence result of [10]. Section 4 is devoted to the fully-
discrete scheme. We establish the main properties of the scheme and we prove our
main results: The fully-discrete scheme admits at least one solution and, if d = 1
and the discretization parameters tend to zero in a suitable manner, every limit
point of the solutions of the scheme is a solution of (1.2). Finally, in Section 5 we
display some numerical simulations in the case of one space dimension.

2. Preliminaries.

2.1. Basic assumptions and existence and uniqueness results for (1.2).
We denote by P; the set of the probability measures m such that [, [z|dm(z) < oc.
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The set P; is be endowed with the Kantorovich-Rubinstein distance
d;(p,v) = sup{ p(z)d[u —v)(z) ; ¢ :RT =R is l—Lipschitz} . (2.1)
Rd

Given a measure pu € P; we denote by supp(p) its support. In what follows, in
order to simplify the notation, the operator D (resp. D?) will denote the derivative
(resp. the second derivative) with respect to the space variable z € R%. We suppose
that the functions F,G : R x P; — R and the measure mg, which are the data of
(1.2), satisty the following assumptions:

(H1) F and G are continuous over R? x P;.
(H2) There exists a constant ¢y > 0 such that for any m € Py

[ECm)lle2 +[|G(m)llex < o,

where [[f(-)[lc2 := sup,epa{|f ()| + [Df ()| + | D*f(x)[}.
(H3) The initial condition mg € P; is absolutely continuous with respect to the

Lebesgue measure, with density still denoted as my, and satisfies supp(mg) C
B(0,¢;1) and ||mp]|eo < 1, for some ¢; > 0 .

As a general rule in this paper, given an absolutely continuous measure (w.r.t
the Lebesgue measure in RY) m € Py, its density will still be denoted by m. Let us
recall the definition of a solution (v,m) of (1.2) (see [21, 22]).

DEFINITION 2.1. The pair (v,m) € W2 (R? x [0,T]) x L'(R? x (0,T)) is
a solution of (1.2) if the first equation is satisfied in the viscosity sense, while

the second one is satisfied in the distributional sense. More precisely, for every
6 € C (R x [0,T))

T
¢(z,0)mo(z)dz Jr/o /]Rd [Orp(z,t) — (Dv(z,t), DP(x,t))] m(z,t)dzdt = 0.
(2.2)

Rd

Remark 2.1. Classical arguments (see e.g. [5]) imply that (2.2) is equivalent
to

9 d(x)mo(x)dz — /0 /Rd<Dv(:r, s), Do(x))ym(x, s)dzds = 0, (2.3)

for allt € [0,T] and ¢ € C(RY).
The following existence result is proved in [24, 12].

THEOREM 2.2. Under (H1)-(H3) there exists at least a solution (v,m) of
(1.2).

A uniqueness result can be obtained assuming

(H4) The following monotonicity conditions hold true

Jga [F(x,m1) — F(z,m2)]d[m1 —mga](x) >0 for all my,ms € Py

(2.4)
Jga [G(z,m1) — G(x,m2)] d[m1 — ma](x) >0 for all my,mo € Py.

We have (see [24, 12]):

THEOREM 2.3. Under (H1)-(H4) system (1.2) admits a unique solution
(v,m).



2.2. Standard semiconcavity results. In the proof of Theorem 2.2, as well
as in the the proof of our main results, the concept of semiconcavity plays a crucial
role. For a complete account of the theory and its applications to the solution of
HJB equations, we refer the reader to the book [11].

DEFINITION 2.4. We say that w : R? — R is semiconcave with constant
Cooone > 0 if for every x1,25 € R?, X € (0,1) we have

wAzy + (1 = Nzx2) > Aw(zr) + (1 — Nw(ze) — A(1 — )\)%m — a2 (2.5)

A function w is said to be semiconver if —w is semiconcave.

Recall that for w : R? — R the super-differential D+ w(x) at = € R? is defined
as

Dtw(x) := {p € R?; limsup wly) —w@) = (py — ) < O} : (2.6)

Y=z ly — |
We collect in the following Lemmas some useful properties of semiconcave functions
(see [11]).
LEMMA 2.5. For a function w : R* — R, the following assertions are equivalent:
(i) The function w is semiconcave, with constant Ceone.
(ii) For all z,y € R?, we have

w(z +y) +w(z —y) = 2w(@) < Ceonely|*.
(iii) For all x, y € R% and p € DV w(x), g € DY w(y)
<q—p,y—$> S Cconc|x_y|2' (27)

(iv) Setting I for the identity matriz, we have that D*w < Ceopnely in the sense of
distributions.

LEMMA 2.6. Let w: R* — R be semiconcave. Then:
(i) w is locally Lipschitz.

(ii) If w, is a sequence of semiconcave functions (with the same semiconcavity
constant) converging point-wisely to w, then the convergence is locally uniform and
Dw,(-) = Dw(-) a.e. in R%.

2.3. Representation formulas for the solutions of the HJB and the
continuity equations. Let u € C([0,T];P1) be given and let us denote by v[u]
for the unique viscosity solution of

~Ow(a,t) + HDu(@ 2 = Fla,u(t), in R x (0,7), )
2.8
v(z,T) = G(z,u(T)) in R%

Under assumptions (H1)-(H2), standard results (see e.g. [8]) yield that for
each (x,t) € R? x [0,T], the following representation formula for v[u](x,t) holds
true

T 2 t
v[p)(z,t) = infaelg([t’T];Rd)/ [%|a(s)| + F(X™ [a}(s),u(s))] ds
t
+G (X" al(T), u(T)), (P
where X*'e(s) =z — [Ja(r)dr forall s € [t,T].

We set A%t[u] for the set of optimal controls o of (CP)®![u], i.e. for the set of
solutions of (CP)**[u]. Classical arguments imply that for all (z,¢) the set A®*[u]
is non empty.



A SL scheme for a first order MFG problem 5

We now collect some important well known properties of problem (CP)%*![u]
(see e.g. [11, 12]).

PROPOSITION 2.7. Under (H1)-(H2), The value function v[u| satisfies the
following properties:

(i) We have that (z,t) — v[u](x,t) is Lipchitz, with a Lipschitz constant independent
of .

(ii) For all t € [0,T] the function v[p](-,t) € R is semiconcave, uniformly with
respect to (.

(iii) There exists a constant co > 0 (independent of (u,x,t)) such that
el poe o7y < €2 for all a € A% [u].
(iv) For all (z,t) and o € A% [u], we have that
a(t) € DY olul(z, t). (2.9)

(v) For all t € [0,T] the function v[u](-,t) is differentiable at x iff there exists
a € A% u] such that A% [u] = {«}. In this case, we have that

Dolp](z,t) = a(t). (2.10)

(vi) For every s € (t,T] and o € A%'[u], we have that v[u](-,-) is differentiable at
(X™*a](s), ).

Now, we define a measurable selection of optimal flows, i.e. of optimal tra-
jectories for the family of problems {(CP)**[u] ; (x,t) € R? x [0,T]}. Classical
arguments (see [12, 6]) show that the multivalued map (x,t) — A%*[u], admits a
measurable selection a®*[u](-). Given (z,t) the flow ®[u](z,t,-) is defined as

Ou](z,t,s) :=x — /ts a®tu](r)dr  for all s € [t,T). (2.11)

By Proposition 2.7(v)-(vi), omitting the dependence on p for notational conve-
nience, ®(z,t,-) satisfies

(2.12)

Lo(x,t,s) = —Dvlu)(®(z,t,s),s) forse(t,T),
O(x,t,t) = .

For all ¢t € [0, 7], let us define m[u](t) as the initial measure mg transported by the
flow ®[u]. More precisely,

m[p](t) := ®[p](-,0,t)gmo, (2.13)
mp](t)(A) = mqg (@[]~ (-,0,¢)(4)) for all A€ B(R?),

or equivalently, for all bounded and continuous ¢ : R — R,
[ @m0} (@) = [ 0(@l(.0.0) dmo).

Since ®[u|(x, -, -) satisfies the semigroup property, omitting the dependence on p for
simplicity,

O(z,s,t) = D(P(x,s,7),r,t) forall re [s,t],
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we easily check that
mp](t) == (., 7, )F[P(-, 0, r)mo] = (-, r,0)f [m[u](r)]  forall r € [s,1]. (2.14)

The fundamental result is the following

PROPOSITION 2.8. There exists a constant cg > 0 (independent of (1, x,y,r,1)),
such that

|®(x,7,t) — B(y,r,t)| > cslz —y| forall 0<r<t and xyecR%

The key in the proof of the above Proposition (see e.g. [12, Lemma 4.13]) is the
semiconcavity of v[u](-,t), which is uniform w.r.t g, and Gronwall’s Lemma. As a
consequence we have that (see e.g. [12, Theorem 4.18 and Lemma 4.14]).

THEOREM 2.9. We have that m[u](-) is the unique solution (in the distribu-
tional sense) of

aym(z,t) — div(Dolp)(z, hm(z,t)) = 0, inRex (0,T), } (2.15)

m(z,0) = mo(z) in R4

Moreover, there exists a constant ¢4 > 0, independent of u, such that m[u] satisfies
the following properties:

(i) For allt € [0,T), the measure m[u](t) is absolutely continuous (with density still
denoted by m[u](t)), has a support in B(0,cq) and ||m[u](t)]lc < c4.

(ii) For all t,t' € [0,T], we have that

dy (p(t), p(t") < ealt —1'].

Remark 2.2. In the proof of the above result (see [12]) Proposition 2.8 is cru-
cial in order to show that the transported measure m|u](-) is absolutely continuous,
as mg, and its density remains uniformly bounded in L>(R?).

Theorem 2.9 (i)-(ii) implies that m[u](-) € C([0,T]; P1). We thus see that (1.2)
is equivalent to find m € C([0,T]; P1), such that

m(t) = ®[m|(-,0,t)tmo  for all ¢ € [0,T]. (MFG)

3. A revisit to the semi-discrete in time approximation. In this section
we review the semi-discrete in time approximation studied in [10] and we improve
some results.

3.1. Semi-discretization of the HJB equation. Given h > 0 and NV € N
such that Nh =T, we set ty := kh for k = 0,..., N. Let us define the following
spaces:

Ky = {u: (,Ug)éio : such that uy, € Py for all 2:07...,N},
Ai, = {a=(ar)p '+ such that o e R4} for k=0,...,N—1.

For p € Ky and k =1,..., N, we consider the following semi-discrete approxima-
tion of (CP)™t[u]

velp)(@) = inf. {Z [Hlael® + F(XE*[a]. )] + G(Xﬁ’k[awzv)} ,

CP) .
where Xffl[oz} = X{"la] —ha, forl=k...,N—1, (CP 1l

XPPa) = x
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Note that no discretization is performed in the space variable. As for the
continuous time problem, we have that (CP)fL’k[u] admits at least a solution for all

(x,k). We set by Ag[u](z) C A for the set of optimal solutions of (CP)Z’k[u], ie.
the set of discrete optimal controls. By the discrete dynamic programming principle
(see e.g. [8]), vg[p](+) can be recursively calculated as

vk[p](x):aiélﬂgd {vrs1u)(z — ha) + Lhla)?} + hF(z, ), k=0,...,N -1, } o)

onlpl(z) = G(z, pn),

which is a “semi-discrete in time version” of (2.8). Let us set,
oplp)(x,t) == vy p[p](z)  for all t € [0,T].

for the classical “extension” of vx[u](-) to a function defined on R? x [0,T]. Now,
we provide the “discrete” analogous results to those of Proposition 2.7.

PROPOSITION 3.1. For all h > 0, we have:
(i) For anyt € [0,T], the function vy [p](-,t) is Lipschitz continuous, with a Lipschitz
constant independent of .
(ii) For allt € [0,T] the function vy [u](-,t) is semiconcave, uniformly in (h,u,t).
(iii) There exists a constant c5 > 0 (independent of (u, h,x,k)) such that

< .
(A lag| < ¢ forall o€ Aglu)(x)

(iv) Forallz € R, k=0,...,N — 1 and o € Ag[u](z), we have
g+ hDF (Xf’k[oz],ug> € Dty (Xf’k[oz],tg> for £=k,...,N—1.

(v) We have that vy [p](-,t) is differentiable at x iff for k = [t/h] there exists « € Ay
such that Agp](x) = {a}. In that case, the following holds:

Dop[u)(x,t) = ag, + hDF(x, ).

(vi) Given (z,t) and o € Ag[u)(x), with k = [t/h], we have that for all s € [tx41,T],
the function vy [p](-, s) is differentiable at Xf’k[a], with £ = [s/h].

Proof. We only prove (iv) since the other statements are proved in [10]. For
notational convenience, we omit the p argument and we prove the result for ¢ = k,
since for £ = k +1,..., N the assertion follows from (v)-(vi). Let x,y € R% and
o > 0. Since a € Ag[p](x), we have

vz +oy) < Nzél [%|C¥g‘2 +F (XZJray’k[a],W)} h+G (Xﬁ,JrUy’k[a],uN) ,
=k

with equality for & = 0. Therefore,

ok(z + oy) —vi(z) < th (7 (x5t al ) = F (XMl )|
=k

- (3.2)
+G (X;,“%k[a], MN) e (X;’k[a], MN) :

On the other hand, the optimality condition for « yields

oap=h Nz_:l DF (Xg“"k[aLMg) + DG (Xf’k[a],uN) .
=k+1
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Combining with (3.2) and taking the limit as ¢ — 0, gives

i sup 22+ 98) = ve(@)
o—0 g

- <ak + hDF(‘xa,u'k)ay> S 07

which, by [11, Proposition 3.15 and Theorem 3.2.1], implies the result. O
Given (z,k) and a € Ai[u](z) we set
axlp (@) = au. (3.3)
Proposition 3.1(iv) implies that
arlp](z) € Doy [u)(x, te) — hDF (x,ug). (3.4)

A straightforward computation shows that ay[p](z) solves, for each (z, k), the prob-
lem defined in (3.1). Moreover, by Proposition 3.1(v)-(vi), the following relation
holds true

ap = aplu] (X'Z’k[oz]) forall ¢ =Fk,...,N —1. (3.5)

3.2. Semi-discretization of the continuity equation. Let a®*[u] € Ay
be a measurable selection of the multifunction (z, k) — Ag[p](z). Given this mea-
surable selection, we set a[u](z) = ai’k[u], asin (3.3). By (3.4) - (3.5), there exists
a measurable function (x, k) — pi[u](z) € R? such that pi[u](z) € D vy[p](z) and
for all time iterations £ = k, ..., N we have

aulpd (X7 Mo ) = pelul (X7 M0 H(u]) = hDF (X7 0" ull o) . (3.6)

Moreover, Proposition 3.1(v)-(vi) implies that for £ =k +1,..., N

pelid (X7 ¥l ul) = Doelu] (X5 Mo *(u)])  forallw eRY (3.7)
and

prlp] () = Dug[p] (z)  for a.a. x € RY. (3.8)

Given (x,k;), the discrete flow @y, .[u](x) € RN=F)*d is defined as

ko—1
Opy o [1)(@) =2 —h Y ap™[u] for all ky > k. (3.9)
l=k1

Equivalently, by (3.6), for all k1 < ko < k3,

Doaltl(@) = @ =Ryl (Xk b wk) : 510)
= O palul(@) — AR aclu] (X7 o [u])
In particular, for all & < ko,
(I)k1,k2+1[/1‘] (.’E) = (I)kl,kz [/j‘] (.’E) - hakz [/J‘} ((I)kl,kz [/1‘] (.’E)) : (311)

The following result, analogous to Proposition 2.8, is an important improvement
of [10, Lemma 3.6].
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PROPOSITION 3.2. There exists a constant cg > 0 (independent of p and small
enough h) such that for allk =1,....N and z,y € R we have

[P0k [p)(x) = Pok[u](y)] = cslz —yl. (3.12)

Thus, ®o[p](-) is invertible in ®ox[u](RY) and the inverse Yo x[ul(-) is 1/ce-
Lipschitz.

Proof. For notational convenience, let us set @ = ®¢i[p)(x) and ¥y =
Do (] (y). Expression (3.11) implies that

|Ppr1 = Uhga|* > @ — Uil” — 2h g [] (Br) — gl (V1)) - (Pg — W), (3.13)
By (3.6) we have (omitting the dependence on p)
ap(Pr) — (Vi) = pe(Pr) — pe(Yr) — h[DF(®g) — DF(¥y)].

By the semiconcavity of v [p](-) and the semiconvexity of F'(-, u(t;)), Lemma 2.5(iii)
gives

[0 (D) — (V)] - (Pr, — Uy) < (1 + h) [P — Wi|?, (3.14)

for some ¢ > 0. By (3.13) and (3.14), there is ¢ > 0 (independent of h small
enough) such that

|Phr1 — U [ > (1= he') [ — T
Therefore, for every k=1, ..., N, we get
Ppr1 = Vg [P > (1= he)¥ |z — y|* > (1= he) T | — g2

and the result follows from the convergence of (1 — he/)7/" to exp(—¢'T) as h | 0.
O

A natural semi-discretization of the solution m[u] of (2.15), whose representa-
tion formula is given by (2.13), is then obtained as the push-forward of mg under
the discrete flow ®g [p](-), i.e. for every k =0,..., N we define

my[p] == Pok[p]()Emeo. (3.15)
By (3.10) we have
mplu] = e rlp]()imelp] forall=1,... k, (3.16)

which is the analogous to (2.14), for the continuous time case. In particular, for all
¢ € Cp(R?) (space of bounded and continuous functions over R%), we have

y ¢(x)dmpi1[p](z) = ¢ (z — hay[p](x)) dmy[p](z), (3.17)
which applied with ¢ = 1 gives my[u](RY) =1 for k =0,..., N.

We have the following Lemma, which improves [10, Lemma 3.7] since we now
prove, using Proposition 3.2, uniform bounds for the density of my[u].

LEMMA 3.3. There exist c; > 0 (independent of (u,h)) such that:
(i) For all k1, ke € {1,..., N}, we have that

dl(mkl [M]’mkz [M]) < C7I’L|]€1 - k2| = c7|tk1 - tkzl' (318)

(ii) For all k = 1,..., N, my[u] is absolutely continuous (with density still denoted
by mi[u]), has a support in B(0,c7) and ||myu]lleo < c7.
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Proof. By Proposition 3.1(iii) we have
Do,k [1](2) = Po,k, [u](2)] < eshlkr = ka| = es[tr, — th, - (3.19)

By definition of mg[u](-), we have that for any 1-Lipschitz function ¢ : R — R

Jea @) d [y (1] = g []] (2) < o [P0, [1)(2) — Bo.i,y (1)) |drmo )
< C5h‘k1 — k2| = CSltkl - tkzl‘

On the other hand, since by (H1) we have supp(mg) C B(0, ¢1), Proposition 3.1(iii)
implies that supp(mg[p]) is contained in B(0,¢1 + 2¢5T). Moreover, for any Borel
set A and k = 1,..., N, Proposition 3.2 and the fact that ||mgl|cc < ¢; imply

mel](4) = (Vo1 (4)) < 1moloc] Yo (4)] < 21A4],

where |A| denotes the Lebesgue measure of the set A. Thus, myg[u] is absolutely
continuous and its density, still denoted by my[u], satisfies |[my[p]flcc < 2. The
result follows by taking ¢; = max{cs,c1 + 2¢5T, ¢1/c6}. O

We now define

t —1 t—1t .
mn[p)(t) = %mk[u] + T’“mkﬂ[u] it € [tr toga)- (3.20)

The following result is a clear consequence of Lemma 3.3 and (3.20).

PROPOSITION 3.4. There exists constants cs > 0 (independent of p and small
enough h) such that:

(1) For all t1,t3 € [0,T], we have that

dy(mp[p](te), malu](te)) < cslts —tal. (3.21)

(ii) For all t € [0,T], mp[p](t) is absolutely continuous (with density denoted by
mp[u](+,t)), has a support in B(0,cs) and [[mp[p](-,t)]|c < cs.

3.3. The semi-discrete scheme for the first order MFG problem (1.2).
For a given N > 0, consider the following semi-discretization of (MFG):

Find m € Ky such that my, = ®g x[m](-)ime for all k=0,...,N, (MFG),.

The following result is proved in [10].

THEOREM 3.5. Under (H1)-(H3) we have that (MFG), admits at least one
solution my, € Kn. Moreover, if (H4) holds, the solution is unique.

Given any solution my, of (MFG),, using (3.20) we define an element, still
denoted by my,, in C([0,T]; P1).

THEOREM 3.6. Under (H1)-(H3) every limit point of my, in C([0,T];P1), as
h ] 0, solves (MFG). In particular, if (H4) holds we have that mp — m (the unique
solution of (MFG)) in C([0,T];Py1) and in L> (R x [0, T])-weak-+.

Proof. Proposition 3.4 and Ascoli Theorem imply that m;, has at least one limit
point m in C([0,T];Py) as h | 0. The fact that m solves (MFG) is proved in [10,
Theorem 4.3] using optimal control techniques. Finally, by Proposition 3.4(ii) we
have that mj, — m in L (R? x [0, T])-weak-*. The result follows. O
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4. The fully-discrete scheme. Given h, p > 0, we consider a d dimensional
lattice G, := {z; = ip, i € Z} and a time-space grid G, := G, x {t;}_,, where
ty=kh (k=0,...,N)and tx = Nh=T. We set B(G,) and B(G, ) for the space
of bounded functions defined on G, and G, 1, respectively. Given f € B(G,) and
g € B(G, 1) we will use the notation

fi = f(z), gik = g(wi,ty) forallie€Z?and k=0,...,N.

Let us consider the Py basis {3; ; i € Z?}, where the function 3; : R — R is
defined by f;(z) == [1— W]_F := max{[l — @, 0}. Denoting by ey, ..., eq
the canonical base of R?, it is easy to verify that 8;(x) is continuous with compact
support contained in Q(z;) := [x;—pe1, x;+per] XX [z;—peq, x;+peq), 0 < B; < 1,
Bi(w;) = 0i; (the Kronecker symbol) and ), ;. Bi(z) = 1. Let us consider the
interpolation operator I[] : B(G,) — Cy(R%), as

IAC) =Y fiBi()- (4.1)
iezd
We recall a standard estimate for I (see e.g. [14, 28]). Given ¢ € Cy(RY), let us
define ¢ € B(G,) by ¢; := ¢(x;) for all i € Z4. We have that

sup |1[¢](x) — ¢(x)| = O(p"), (4.2)

z€R
where v = 1 if ¢ is Lipschitz and v = 2 if ¢ € C?(R?).

4.1. The fully-discrete scheme for the HJB equation. For a given p €
C([0,T7],P1), we define recursively v € B(G, ;) using the following Semi-Lagrangian
scheme for (2.8):

Vi = Spnlp(v. gt1,9,k) k=0,...,N—1 and v; n = G(z;, u(tn)), (4.3)
where S, 1 [u] : B(G,) x Z¢ x {0,...,N — 1} — R is defined as
Spnll(foi,k) == inf [I[f](z; — ha) + 2h|af?] + hF (x4, p(ty)). (4.4)

The following properties of S, »[p] are a straightforward consequence of the defini-
tion and assumptions (H1) and (H2).

LEMMA 4.1. The following assertions hold true:

(i) [The scheme is well defined] There exists at least one o € R? that minimizes the
r.h.s. of (4.4). Moreover, there exists cg > 0 such that sup;cza x—o. . n |Vik| < co.

(ii) [Monotonicity] For all v,w € B(G,) with v < w, we have that
Spnl)(vyisk) < Spnlu)(w,i k) VieZ k=0,...,N. (4.5)
(iii) For every K € R and w € B(G,) we have
Spnlpl(w+ K, i,n) =S, plul(w,i,n) + K. (4.6)

(iv)[Consistency] Let (pn, hn) — 0 (asn 1 00) and consider a sequence of grid points
(@i, tk,) = (z,t) and a sequence u, € C([0,T];P1) such that w, — . Then, for
every ¢ € C* (R x [0,T)), we have

limy, s 00 ﬁ I:(b(xin ) tkn) - Sanh'n [u"]((z)kn-u s in, kn)] = _at¢(x7 t) + %|D¢(CE, t) ({E, t)|2
—F(z, u(t))-
(4.7)
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where ¢ = {P(i, tr) bicza-
We define
(2, t) = I[v[%]](w) for all (z,t) € R? x 0,77, (4.8)
where we recall that v, j is defined by (4.3).
The following notion of weak semiconcavity (see e.g. [23]), will be very useful.

DEFINITION 4.2. Given C,p > 0, we say that f : RY — R is (C, p)-weakly
semiconcave if for all z,y € R? and X € [0, 1] we have

M) + (1= N1) < T+ (L= )+ SAL =) (e =y +0%) . (49)

For the sake of completeness, we recall the following elementary properties of
weak semiconcave whose proofs are easy adaptations of the semiconcave case.

LEMMA 4.3. For a continuously differentiable function f : R — R the following
assertions are equivalent:
(i) The function f is (C, p)-weakly semiconcave.

(ii) For every z,y € R?
fla+y) = 2f(2) + fz —y) < C(y* + p?). (4.10)

(iii) For every x,y € R?

C
Fy) = fl@) = (Df @),y =) < o (ly = l” +p?) (4.11)
In particular, if f is (C, p)-weakly semiconcave then

(Df(y) = Df(x),y—x) <C (ly—=*+p°) Va,yeR™ (4.12)

The following result yields the weak semiconcavity of v, 5 [p].
LEMMA 4.4. For everyt € [0,T], the following assertions hold true:

(i) [Lipschitz property] The function v, p[p](-,t) is Lipschitz with constant indepen-
dent of (p, h, 11, t).

(i) [Weak semiconcavity] The function v, p[p](-,t) is (C,p)-weakly semiconcave,
with C' independent of (p, h, u,t).

Proof. By (H2) we have that ||[DG(-, i(T))]|eo < ¢o and so I[G](-, u(T)) is
co-Lipschitz. Thus, by the (4.3) and (4.8), we get that v, 5 [p](-,tn—1) is Lipschitz
with constant hcy + ¢p. Iterating the argument, using (H2) for F, we get that
Upn[p] (-, t) is co(1+T') Lipschitz for all ¢ € [0, T]. The proof of the second assertion
is provided e.g. in [3, Lemma 4.1]. O

THEOREM 4.5. Let (pn,hn) = 0 (as n 1 00) be such that Z—E — 0. Then, for
every sequence [, € C([0,T];P1) such that w, — p in C([0,T);P1), we have that
Upo b [n] = 0[] uniformly over compact sets.

Proof. Using assumption (H1), the proof of this results is a straightforward
variation of the proof in [13], which is a revised proof of the result given in [9].
However, for the sake of completeness we provide the details. For (y,s) € R?x [0, 7],
set

v (y,s) = limsup vp, o, [in](¥',8),  vu(y,s):= liminf v, o, [pa](y's).
('8~ (:9) )5 (0.9)

n—oo
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Let us prove that v* is a viscosity subsolution of
—0w(z,t) + :[Dv(x,t)> = F(z,p(t) for (z,t) € RY x (0,T),

v(z,T) = G(z,u(T)) forzecR? (4.13)

Let (7,5) € R x (0,T) and ¢ € C'(R? x (0,7T)) be such that v*(7,5) = ¢(7,5) and
v* — ¢ has a global strict maximum at (g, §). Since v*(-,-) is upper semicontinuous,
a standard argument in the theory of viscosity solutions implies that, up to some
subsequence, there exists (yn, sn) — (¥, §), such that

(Vo (0] = @) (ynssn) = max (v, h, [1n] = 9)(y, )

(y,8)ERI % (0,T")
and  (vp,,,h, [tin] = ) (yn, sn) = (v — ¢)(¥,5) = 0.
Thus, for any (y, s) € R? x [0, T] we have that
Upp b [Bn] (Y, 8) < O(y,8) +&n,  with & i= (Vo h, [1in] = ) (Yns s0) = 0. (4.14)
Let k:= N — {0,...,N — 1} be such that s,, € [tx(n), ti(n)+1). Evidently, we have
that t(,) — 5. By taking y =z, i € 74, and s = ti(n)4+1 in (4.14), we get that
Vikn)+1 < P(Ti, tpny41) + & foralli e Ze. (4.15)
Lemma 4.1(ii)-(iii) implies that
St ] (V. k(n)+15 5, k(1)) < Sp ny (0] (Dr(n)41, 4, k(n)) + &, foralli e 7.

In particular, using (4.3), we get

Vi k(n) < Spo o n] (Br(ny 41,1, k(n)) + &, for all i € Z7,

which yields, by the definition of v,, 5, [tn](Yn, sn) in (4.8),

Upn,hn [,Ufn](yn, Sn) S Z 51 (yn)S,Dn,,hn [Nﬂ}(d)k)(n)ﬁ-l) 7;7 k(n)) + €n
€74

Now, recalling the definition of &,,, we get

(rb(yn? Sn) < Z ﬂz (yn)Spn,hn [/Ln](d)k(n)—i-l, ia k(n)) (416)

€24

We claim now that ¢(yn,sn) = ¢(Yn,trm)) + O(h2). In fact, either s, = th(n)
(and the claim obviously holds), or s, € (ti(n), tr(n)+1)- In the latter case, since
(Vppshn — @) (Yn, ) has a maximum at s, and v, p, is constant in (tx(n), th(n)+1)s
then 0;¢(yn, sn) = 0 and the claim follows from a Taylor expansion. Thus, by our
claim and (4.16), we have that

¢(yna LLk:(n)) < Z ﬁi (yn)Spn,hn, [un](¢k(n)+17 i, k(n)) + O(hn) (417)
iezd
Now, inequality (4.17), estimate (4.2) and the fact that p2 /h,, — 0 imply that

nll)ﬂgo Z Bl(yn)d)(x“tk(n)) - SPn,,h;L[Nn](¢k(n)+1a i, k(’ﬂ)) <0.

ieZd

Finally, by the consistency property in Lemma 4.1(iv) we obtain that

~006(5,5) + 51D6(5 ) ~ F(@,(5)) < 0,
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which implies that v* is a subsolution of (4.14). The supersolution property for v,
can be proved in a similar manner. Therefore, by a classical comparison argument,
Vpn, hn [in] converges locally uniformly to v[u] in RY x (0, 7). O

Note that for all ¢ € [0,T], the function v, x[u](-,t) is not, in general, differ-
entiable at x; € G,. Thus, we cannot use the useful characterizations of weak
semiconcavity (see Lemma 4.3) for differentiable functions. Therefore, we will regu-
larize v, 5 [1](-, t) with the usual convolution technique. Let p € C°(R) with p > 0
and [, p(z)dz = 1. For e > 0, we consider the mollifier pe(z) := Zp (%) and
define

vp (5 t) == pe xvpnlp](-t)  forall ¢ € [0,T]. (4.18)

Using Lemma 4.4(i) we easily check the estimates

105 1l ) = vpnlul ()l = e,

4.19
[1Dvs nlil s )llee = 2 o

where v > 0 is independent of (e, p, h, u,t). We have:

LEMMA 4.6. For everyt € [0,T], the following assertions hold true:
(i) [Lipschitz property] The function v, ,[u](-,t) is Lipschitz with constant dy inde-
pendent of (p, h, 11, t).

(i) [Weak semiconcavity] The function v, [u](-,t) is (di,p)-weakly semiconcave,
with dy independent of (p, h,e, u,t).

Proof. The result follows directly from the definition of vf j [u](-,t) and the
corresponding results for v, 5 [p](-,t) in Lemma 4.4. O

As a consequence we obtain

THEOREM 4.7. Let (py, hn,en) — 0 (asn 1 00) be such that Z—i — 0. Then, for
every sequence p, € C([0,T];P1) such that u, — p in C([0,T];P1), we have that
v [a] = v[u] uniformly over compact sets and Dvy" ), [pn](2,t) — Dv[u](z,t)
at every (z,t) such that Dvlu|(x,t) exists.

Proof. The first assertion is a consequence of Theorem 4.5 and the uniform
estimate (4.19). Now, Lemma 4.6 and Lemma 4.3(iii) imply that Dv." , [pn](x,t)

is uniformly bounded in n and

o ) (g, ) =05 4 ] (2, 8) = (D057 () (2, 1),y — ) < $du (Jly — 2 + p})) -

En

Pnshn [pn] (2, t) satisfies

Thus, every limit point p of t Dv

U[/J/](y,t) - U[/J’](yat) - <p7y - Z‘) < %d1|y - Z‘|2 for all T,y € Rd-

Therefore, if Dv[u](x, t) exists, the semiconcavity of v[u] implies that p = Dv[u](z,t)
from which the result follows. O

4.2. The fully-discrete scheme for the continuity equation. Given pu €
C([0,T];P1) and € > 0 let us define

D5 o pyrlp] =2 — ha§[p) forallieZ?, k=0,...,N—1, (4.20)
where &5, 1= &5} [u](zi, ) and &5 j,[u] - RY x [0,7] — R? is defined as

a5 () = Dug 1z, ). (4.21)
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Given the family {®¢, , ,[u]; i € Z% k =0,...,N — 1}, we now consider a
fully-discrete scheme for (2.15) which turns out to be equivalent to the one proposed
[26], under some slight change of notation. Let us define

S:=12=(2i)ieza ; % € Ry and Z zi=1
iezd

The coordinates of m € Sy41:= {v = (v;)_, ; vx € S} are denoted as m; j, with
i€Z%and k=0,...,N. We set

E; :=[x; £ %pel} X . X [@; = %ped] for all i € Z¢,
and define m*[u] € Sy41 recursively as

m:?,k:-%l[:u’] = Zjezd ﬁ’t ((p;,k,k-!—l[/’l’]) m;,k[:u]’ for i € Zd? k= 07 R N — 17
fE_ mo(z)dz, forie€ 7.

mf,o[ﬂ]
(4.22)

Remark 4.1. Note that, omitting the dependence in u, for k =0,...,N —1
we have that

Z mf,k+1 = Z Z Bi ((I);:',k,lﬂ—l) m;:',k = Z m;,k Z Bi (®§,k,k+1) = Z mj,k =1,

iczd i€zd jezd jezd iczd jezd

because Y ;czam5 o = 1. Therefore, the scheme (4.22) is conservative.

Let us define m? ,,[u] € L>(R? x [0,T]) as

me (e, t) = o[BS s sl () + 55 e g [l (2)]
ifte [tk,tk+1).
(4.23)
Therefore, for every t € [tg, tx41) we have
e tp41 — 1 e t— 1tk e
mp,h[/"‘] (:C7 t) = T mp,h [,LL](Q?, tk) + h mp,h [,LL](Q?, tk+1)' (424)

By abuse of notation, we continue to write m; , [u(t) for the probability measure
in R? whose density is given by (4.23). Thus, by the very definition, we can identify
ms k() € L*(R? x [0,T]) with an element ms, ,[1l() € C([0,T]; Pr).

We now study some technical properties of the family {® , ,,,[u] ; i € 74 k=
0,...,N —1}. The next result, which is an easy consequence of the weak semicon-
cavity of v;h[uL is similar to the one proved in Proposition 3.2.

PROPOSITION 4.8. For anyi,j € Z% and k=0,...,N — 1, we have
|95 ke [1] = B g [H]]F = (1 = doh)|w; — a;]* — dahp?, (4.25)

where dg > 0 is independent of (p,h,e, ).
Proof. For the reader’s convenience, we omit the 1 argument. Recalling (4.20)
and (4.21), for every k =0,..., N — 1 we have

2
zi—x;—h Dv;h(mi,t;ﬂ) - Dv;,h(xjvtk)} ‘ ,
|25 — @] + B2 Dvs ) (i, ty) — DS (25, ) [P+
=2h(Dv5 (i, ) — DS (w5, 1), w0 — 25),

|‘I)f,k,k+1 - ¢§,k,k+1|2 =



16

which yields to
195 1 jr1 = P i |? > | — 25 — 20(D5 (w4, tr) — Duf (5, 11), w5 — ;).

Therefore, by Lemma 4.6(ii) and (4.12) in Lemma 4.3, there exists da > 0 such that
(4.25) holds. O

Now we provide a technical result which, in the case d = 1, allow us to obtain
uniform L°° bounds for m$ ,[u] (see Proposition 4.10(ii) below).

LEMMA 4.9. Suppose that d = 1. Then, there exists d3 > 0 (independent of h
small enough and (p,e,p)) such that for any i € Z and k = 0,...,N — 1, we have
that

> B (B 1) < 1+ dsh. (4.26)
JEZ

Proof. For notational simplicity, let us set y; = @5, .. ;. Note that for any
J1,J2 € Z, Proposition 4.8 implies that
1 = Y |* = (1= doh) |2y, — @, |* — dohp®.
Thus, if j; # jo, we get
i = yl” = (1= 2d20) %, Lee lys, =] = /(1= 2d2R)p. (4.27)

Since the diameter of supp(f;) is equal to 2p, the above inequality implies that for
h small enough (independent of (p, e, 1)), the cardinality of

Zi:={j€Z; y; €supp(fB;))}

is at most 3. If Z; only has one element, then (4.26) is trivial. If Z; has two elements
Yir> Yo With y;, < y;,, then

Bilyi) + Bily) = 2 — i — @il i =@l o 15— Yl
T J1 7 J2 - I

p p p

by the triangular inequality. Using (4.27) we get
6i(yj1) + /Bl(yjz) < 2 — (1 - 2d2h) < 1+ 2d2ha

from which (4.27) follows. Finally, if Z; has three elements y;,, y;, and y;,, then
(supposing for example that y;, <y,, <z; <yj;,) we have

Bilyj) + Bilysy) =1— = +1— 222

P ’
=2 Wa_¥n _ Yatle <99, /(1 2dh) < 4dsh.

Using that ;(y;,) < 1 and the above estimate, we obtain (4.27) with ds := 4d,. O

Using the above results, we can establish some important properties for m, nlit],
which are similar to those found for my[u] in the semi-discrete case (see Proposition
3.4).

PROPOSITION 4.10. Suppose that p = O(h). Then, there exists a constant
dy > 0 (independent of (p,h,e, 1)) such that:

(i) For all t1,t5 € [0,T], we have that

dy (mp, g [p(81), mp p[u](t2)) < dafty — o], (4.28)

(i) For allt € [0, T, mS ,,[u](t) has a support in B(0,da).
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(i) If d =1 then we have

M n 1] 1) lloo < da.

Proof. Let ¢ € C(RY) be a 1-Lipschitz function. By (4.24), the function
g [0,T] = R, defined as

Py (t) := » ¢(@)dm, 1 [p](t),

is affine in each interval [tg,tg41], with & = 0,..., N — 1. Tt clearly belongs to
wtee([0,T]) and

1
5] h/mﬁléﬂ@W%MWm—%WWM«
For every k =0,..., N — 1 we have, omitting p from the notation,
Ly o) =it = 53 [ s [Z 81 (95 o) 7, k] 7
i€zd jeZd

= Zm |:Zf61 <I)§kk+1 / ¢(z)dz — */ ¢(1’)dx:| .

jEZI i€zd

On the other hand, since ¢ is 1-Lipschitz, we have that

3 | otaae = o)

Using (4.29), estimate (4.2), Lemma 4.6(i) and the fact that p = O(h), we get that

<p. (4.29)

[ S0l tra) = (0] < 5 m ;| 5 i (@ ]k,k+l)¢<mi>—¢<xj>‘+2p,

jezd iE€Z
= Z mk’]’ ‘¢< j,k,k+1) - d)(x])‘ + 2cp,
jezd
< doh + 2cp = (do + 2%) h < ch,

for some constants ¢, ¢ > 0 independents of (p, h,e, u). Therefore, we obtain that
| %1%“00 < ¢, which proves (i) with d4 to be chosen later.

In order to prove (ii), it suffices to note that since || Dv? , [u][[oc < do We easily
check that supp(m;, ,[u](t)) C B(0,c1 + 2doT). Now, let us assume d = 1. By the
definition of mg , [u](-,0) in (4.23) and assumption (H1), we have

1
I 0l = e { Sl } < ol < 1.

Now, given £ =0,..., N — 1, we have that

1
gl )l < e il b = S d 5 (05 ) 5
JEZ

Therefore, by Lemma 4.9, we obtain that

m n 1] Cs ten) oo < lImp nlil o ti)lloo D Bi (@5 kk41lu]) < (1+dah)llmf ] (- i)l oo

JEL

Iterating in the above expression, we obtain that
T
m, p K0 Te+1) oo = 3 mollcc > €7 C1,
[mg w1 (s trs)lloo < (14 dsh) ™ [mollse < e

for h small enough. The result follows, by taking dy = max{c’, c; + 2doT, e%Tc;}.0
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4.3. The fully-discrete scheme for the first order MFG problem (1.2).
For a given p, h,e > 0 and p € SNV*! we still write u for the element in C([0,77]; Py)
defined as

1 | tpys —t t—t ,
p(@,t) = — HZ > pile, (x) + h 5 il (@) | 3 t € [trotep].
P i€z i€z

(4.30)

Let us consider the following fully-discretization of (MFG):
Find 1 € Sn41 such that g =mf[p] VieZiand k=0,...,N, (4.31)

where we recall that ms ; [u] is defined in (4.22). In order to prove that (4.31) admits
at least a solution, we will need the following stability result.

LEMMA 4.11. Let u" € Sn41 be s a sequence converging to p € Syy1. Then:
(1) v5 p 1"y 0) = 5 B[Rl (s -) uniformly over compact sets.
(ii) m g [u"] — ms . [u] for all i € 7% and k=0,...,N.

Proof. Because of the assumptions on F and G in (H1) we clearly have (i). By
definition of vf , [u"](z,t) and (i), Lebesgue theorem implies that we have point-
wise convergence of Dvj ,[u"] to Dvf j,[u] and obvoiusly also of aLhium () —
aLhu](-,+). Assertion (ii) for i € Z? and k = 1 follows hence from the definition
(4.22) of m; ; [u"]. Therefore, by recursive argument we get the result for all i € zd
and k=0,...,N—1.0

THEOREM 4.12. There exists at least one solution of (4.31).

Proof. This is a straightforward consequence of Lemma 4.11, Proposition
4.10(ii) and Brouwer fixed-point theorem. O

Given a solution m® € Sy41 of (4.31), we set m;, ,(-,-) for the extension to
R? x [0, T] defined in (4.23).

Now we prove our main result.

THEOREM 4.13. Suppose that d = 1 and that (H1)-(H3) hold. Consider
a sequence of positive numbers py, hy, e, satisfying that p, = o(hy), hy = o(en)
and €, | 0 as n T oo. Let {m"},en be a sequence of solutions of (4.31) for
the corresponding parameters pp,hp,en. Then every limit point in C([0,T);Py)
of m™ (there exists at least one) solves (MFG). In particular, if (H4) holds we
have that m:" =~ — m (the unique solution of (MFG)) in C([0,T];P1) and in
L> (R? x [0, T) -weak-+.

Proof. For notational convenience we will write v™ := v° . [m™]. By Propo-
sition 4.10(i ) and Ascoli theorem we can assume the existence of m € C ([0,T7;P1)
such that m™ (as an element of C([0,T];P1)) converge to m in C([0,T];P1). More-
over, Proposition 4.10(iii) implies that, up to some subsequence, m™ (as an element
of L>(R* x [0, 7)) converge in L (R? x [0, T])-weak-* to some ri2. Thus, we nec-
essarily have that m is absolutely continuous and its density, still denoted as m,
is equal to m. In order to complete the proof, we now show that m solves the
continuity equation (2.3), i.e. for any ¢ € [0,T] and ¢ € C°(R9)

[ st@pamoa) = [ ote)im / | Do) D e s)am(s) s (432)

Given t € [0,T], let us set t, := [ﬁ} hy,. We have

[ ot@ame,) = [ oaame +Z / S " (ter) = m" ()] (4.33)
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By definitions (4.22) and (4.23), setting @7, ;| = x; — hp,Dv"(z;,t;), for all
k=0,...,n—1 we have

Jp O(x)dm™ (tpy1) = ZieZ m?k+1p% fE ¢(x)dz,
= Yienit fp sz Bi (®hps ) M (4.34)
ZjeZ miy ZieZ Bi (q)?,k,k-i-l) é fE P(z)dx.

L g(a)de— o)
2,

Therefore, combining with (4.34), we get (recalling (4.2) with vy = 1)

As in (4.29) we get

< [[1D¢]locp-

Je@)dm™ (o) = 3;enmin Dien B ((I);‘l,k,k-i-l) o(x;) + O(p),
= Djerxlldl (‘P?,k,kH) +0(p), (4.35)
D jer ™My (q)?,k,kﬂ) +O(p)-

On the other hand, by Lemma 4.4(i), the function v™ (-, t) is Lipschitz (with Lipschitz
constant independent of n). Therefore, by (4.19) we have the existence of a constant
¢ > 0 (independent of n) such that

n n c

which implies, setting @}, ,,(z) = v — h, Dv"(x,1), that

6 (0 a(0) =0 (st < ¢ (14 2 ) b=l

for some ¢’ > ¢ (which is also independent of n). Therefore, we have

c (1—|— h) p
En

1

; /E_,» ¢ ( Zm(x)) dz — ¢ ((I)?,k,k—i-l) <

Since % = 0(1), by (4.35), we get

f]R m"(tk+1) = ZjeZ ;lk on fE ((I)k k+1 )) dzr + 0 (p),
6 (B a(o) i (12) + O ).

The expression above yields to

S @ " (tesn) = m (0] = fy [¢ (O aa(@)) = 6(@)] dm™ () + O (o),
= —hy [ Do(x)Dv™(x, ti)dm" (tr,)
+0 (h% + pn)
(4.37)
Since D@(-)-Dv™ (-, ty) is ¢ /e,-Lipschitz (with ¢’ large enough), Proposition 4.10(i)
gives that for all s € [ty,tr11], with k =0,...,n — 1, we have

[ o@D e s) ~ mr )] < s - o) < 2

En
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which implies that, using that Dv™(z,s) = Dv™(z,ty) for s € [t tps1],

te4+1 i
/ / Do) Dv" (z, $)d [m™ (s) — m" ()] ds| < Cﬁ. (4.38)
tr R n
Therefore, combining (4.38) and (4.37), we obtain that
Jg o(@)d[m™ (tgpq1) —m™(t)] = — tt:ﬂ Jg Dé(x)Dv™(z,5)dm™(s)(x)ds

+0 (h?’ + pn) .

Thus, summing from & =0 to k = n — 1 and using (4.33)

Jg o(@)dm™(t,)(z) = [p p(x)m™(x,0) — fg" Jg Dé(x)Dv™ (z, s)m™(z, s)dx ds
+0 (’;—" + g—z) :
(4.39)

By Theorem 4.7 we have that Dv™(z,s) — Dv[m|(x, s) for a.a. (z,s) € R x [0,T].
Therefore, using that ¢ € C°(R), the Lebesgue theorem implies that

Iio,t,) D(:) - DV (-, ) = To,g D&(-) - Do) (-, ) € L' (R x [0, T]) strongly in L',

and since m™ converge to m in L™ (R x [0, T])-weak-*, we can pass to the limit in
(4.39) to obtain (4.32). The result follows. O

5. Numerical Tests. We show numerical simulations for the case d = 1.
Given €, p, h > 0 we set {m:, ; i € Z¢ k= 0,..., [%]} for the solution of
(4.31) and {vi, ; i € Z% k =0,...,[£]} for the associate value functions. We
approximate heuristically m, and v, with a fixed—point iteration method. We
consider as initial guess the element in m®° € Sy given by

m?’gsz’oz/ mo(z)dz, i€Z, k=0,...,N.
E;

Next, for p=0,1,2,..., given m®? € Sy we calculate v>P™! € B(G, ;) with the
backward scheme (4.3), taking as p the extension of m®? to C([0,T];P;1) defined
in (4.30). The element m®?*! € Sy is then computed with the forward scheme
(4.22), taking

plx) = ! e w2, (5.1)

In the numerical simulations we approximate (4.21) with a discrete convolution
using a central difference scheme for the gradient. The iteration process is stopped
once the quantities

E(’UE’p) — ||va7p+1 _ ,UE,pHOO, E(mEJJ) = ||m67p+1 _ m&p

loos (5.2)

are below a given threshold 7.

Remark 5.1. The theoretical study of the convergence of the fized—point itera-
tions is not analyzed in the present paper. The analysis of a convergent and efficient
method to solve (4.31) remains as subject of future research.

By Proposition 4.10(ii), we know that mc has a compact support, uniformly

in (g, p, h). Therefore, in order to calculate the iteration mf’,f“ we only need the

values vflf *1 for i such that ip belongs to a compact set K, which is independent
of (g, p, h,p). This fact allows us to drop the analysis of boundary conditions.
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For the numerical tests we will consider running costs of the form

5070+ Fla,m(6) = 50%(0) + f(&) + V(w,m(0),

where f is C% and
V(z,m(t)) = po * [po * m(t)] (x), for some o > 0 to be chosen later. (5.3)

A straightforward calculation shows that F(z,m(t)) = f(z) + V(z,m(t)) satisfies
assumption (H4).

5.1. Test 1. We simulate a game where the agents are adverse to the presence
of other agents during the game and, at the end, they do not want to live at the
boundary of a domain 2.

In order to model this situation, we take Q = [—0.2,1.2], and the running cost

1 1
5012 + F(z,m) = 5052 + 0.3V (x,m),

where V' given by (5.3) with o = 0.3. We choose T' =1 as final time and
G(z) = —0.5(z + 0.5)%(1.5 — x)?,

as final cost function. We take as initial mass distribution

_ (=)
Jo v(@)da

where v(z) = Ijp17(x)(1 — 0.2cos(mz)). We choose ¢ = 0.1, as space step p =
1.75-1072 and as time step h = 0.02.

The function F' penalizes high mass density during the game whereas the final
condition G penalizes the fact that the agents are near the boundary at time 7.
In Fig.5.1, we show the mass evolution in the time—space domain € x [0,7]. It is
possible to observe that from the initial configuration, the mass distribution moves
where the final cost is lower and at the same time it does not accumulate completely
at the center.

In Fig. 5.2 the discrete value function v7, and in Fig. 5.3 the gradient Dv;, are
shown in the domain  x [0,T]. Fig. 5.4 shows the behavior of the errors (5.2) in

mo(z)

08 ’E%
07

Fic. 5.1. Mass evolution m{ ,

logarithmic scale on the y-axis with respect to number of fixed—point iterations on
the z-axis. The fixed point iteration method has been stopped when both errors
are below 7 = 1073.
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FiG. 5.4. Errors: E(m®?P) (left), E(v®P) (right), p=0....,10

5.2. Test 2. We model now a game where the agents want to live at x = 0.2
but again they are adverse to the presence of other agents. We consider a space
numerical domain given by Q = [0,1] and a final time 7" = 1. The running cost
function is modeled as

1 1

5042 + F(z,m) = 5042 + (z —0.2)% + V(x,m),
where V' (z,m) is defined in (5.3) with o = 0.05. We do not consider a final cost,
i.e. we take G = 0. We choose as initial mass distribution:

__v(@)
Jov(@)dx’

We choose ¢ = 0.2, as space discretization step p = 1.25- 1072 and as time step
h = 0.02.

Fig. 5.5 shows the mass evolution. As it is expected, during the evolution the
mass distribution tends to concentrate at the “low energy” configuration z = 0.2

mo(z) with v(z) = e~ (@=0.75)%/(0.)*
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FiG. 5.5. Mass distribution m;

but at the same time the second term in F' penalize this concentration. In Fig.5.6
the discrete value function is shown and in Fig. 5.7 we display its gradient.
In Fig. 5.8, we show the errors E(m®?) and E(vP) of the fixed-point algorithm
for the mass and the value function. The fixed—point iteration has been stopped
when both the errors are below 7 = 1073.

Let us finally compare this test to the case when there is no game, i.e. the running

FiG. 5.6. Value function v;

F1c. 5.7. Gradient Dv;

cost does not depend on m:
F(z,m) = (x — 0.2)%.

In this case, the system is not coupled and after one iteration we obtain the solution.
In Fig. 5.9, the mass evolution is shown. It is seen that, during the evolution,
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Fic. 5.8. Errors: E(m®P) (left), E(v®P) (right), p=0....,50

the measure maintains its original shape, due to the absence of conflict between
the agents. This shows qualitative differences with the situation where conflict is
present, as was displayed in the case of Fig. 5.5.

(9]

0.9

0.8

07

0.6

time

0.5

04

space space

Fic. 5.9. Mass distribution m$, (case “no game” with F = (z —0.2)? )
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